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1 Introduction, Notation, Results 



This paper continues the investigation initiated in the papers [3] and [5| 
aimed at developing suitable pseudoholomorphic curve techniques for the 
investigation of the Chord problem in three dimensional closed contact man- 
ifolds. A contact form A on a (2n + l)-dimensional manifold M is a l-form 
so that A A (d\) n is never zero. The hyperplane field £ = ker A is called 
the contact structure associated to A. A Legendrian submanifold £ is an n- 
dimensional submanifold of M such that \\tc = 0. There is a distinguished 
vector field associated with A, called the Reeb vector field X\. It is defined 
by the equations 

ix x d\ = and ix x ^ = 1- 

A characteristic chord for a given Legendrian submanifold £ is a trajectory 
x(t) of the Reeb vector field such that x(0),x(T) £ £ for some T > 0. We 
usually also ask for x(0) ^ x(T). The question is the following: Given a 
manifold M with contact form A and a Legendrian submanifold £, is there 
a characteristic chord ? For very special M and £ characteristic chords are 
known in Hamiltonian mechanics as 'brake-orbits', and they were investi- 
gated since the 1940's by H. Seifert and many others (see for example [7], 
|18j). In the case where M is the three dimensional sphere and £ is 
the standard tight contact structure existence of characteristic chords for 
any Legendrian knot was conjectured by V.I. Arnold !8 < and proved by K. 
Mohnke |15j after a partial result by the author [3]. The aim is to establish a 
method based on filling by pseudoholomorphic curves which is able to detect 
characteristic chords in general closed three dimensional contact manifolds 
M. The purpose of this paper together with the previous papers [3] and [5] 
is to establish the filling method while we apply it in the forthcoming paper 
to obtain an existence result for characteristic chords. Let us describe 
the boundary value problem which we are going to investigate. We consider 
a three dimensional closed manifold M with contact form A. Moreover, we 
assume that £ C M is a homologically trivial Legendrian knot, and T> is 
an embedded surface bounding £. A point p £ T> is called singular if the 
contact plane £ p at the point p is identical with the tangent plane to the 
surface T>. We denote the set of all singular points on T> by T. Generically, 
the set r is finite. We will call a complex structure J : £ — > £ admissible if 
tiA o (Id x J) is a metric on £. We extend such an admissible J to an almost 
complex structure J on the symplectisation R x M of M by demanding 

d - d 

J(a,u)— = X x (u) and J (a, u)X x («) = - — 
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for (a, u) £ R x M, where r denotes the coordinate in the R-direction. The 
Seifert surface T> can be perturbed near its boundary, leaving the boundary 
fixed, in order to achieve a certain normal form in local coordinates (see 
proposition 11.41 below). In the earlier paper we also chose a particular 
complex structure J : £ — > £ near {0} x C (see © below). We will also 
adhere to these choices in this paper. We note however, that the intersection 
result below (theorem II. 3(1 does not use them. In this paper we will study 
pseudoholomorphic strips in the symplectisation R x M with satisfy the 
following mixed boundary condition: 

' u = (a,u) :S — ► R X M 

d s u + J(u)dtu = 
< u(s,0)cRx£ (1) 
u(s, 1) C {0} x V* 
E(u) < +oo 

where 5 := R x [0,1], T>* is the spanning surface T> without the set of 
singular points T on £ = dT> and where E(u) is the energy of u defined by 

E(u) := sup / u*d((/)X) , S :={</) 6 C°°(R, [0, 1]) | <f>' > 0}. 
<f>esJs 

Solutions to (J2) exist locally near elliptic singular points on the boundary if 
the Seifert surface T> has been perturbed into normal form as in proposition 
11.41 and if the complex structure J : £ — > £ has been chosen appropriately: 

Theorem 1.1 Let (M,X) be a three dimensional contact manifold. More- 
over, let £ be a Legendrian knot which bounds an embedded surface T>' so 
that the characteristic foliation has only finitely many singular points. Then 
there is another embedded surface T> which is a smooth -small perturba- 
tion ofV having the same boundary and the same singular points as V and 
a dX-compatible complex structure J : ker A — > ker A so that the following is 
true: Near each elliptic singular point e £ &D = C there are embedded solu- 
tions u T , < r < 1 to the boundary value problem 0) with the properties: 

• u T {S)r\u T ,{S) =0 ifr^r', 

• u T — > e uniformly with all derivatives as r — ► 0, 

• the family u T depends smoothly on the parameter t, 

• each map u T is transverse to the Reeb vector field, i.e. ir\d s u T (z) ^ 
for all z £ S, 
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• The Maslov indices fi(u T ) all equal zero. 

See section [21 of this paper for the existence statement and [Sj for the state- 
ment about the Maslov indices. The solution family u T above is unique up 
to parametrization. One of the main results of this paper is the following 
compactness result: 

Theorem 1.2 Let (u r ) < T<TO = (a T ,ti T )o< T <T be a smooth family of em- 
bedded solutions to the boundary value problem 

u= (a,u) : S — > R x M 

d s u + J(u)dtu = 

u(s,0) C R x C 

u(s, 1) C {0} x p\r 

«(0,0) = e 

< E(u) < +oo 

where T> C M is an embedded surface bounding the Legendrian knot C, 
r CP is the set of singular points and e E Tn£ is an elliptic singular point 
on the boundary ofT>. We impose the following conditions on the solutions 
u T : 

• v(S)nv(5) = ifr' ^ t", 

distl (J {u T (s, l)|seR},r > 0, 

\0<S<T<T O j 

• For small t the solutions u T coincide with the local solutions of theorem 
li.il near e, 

• There is a uniform gradient bound, i.e. 

SUp 1 1 V« T 11,^0(5) < oo. 

0<T<T O 

Then for every sequence r' k f tq there is a subsequence such that the 
family u Tk converges in Cf£ c to another solution (as k — * oo) u T0 with finite 
energy such that also dist({u To (s, 1) | s € R} , T) > 0. Moreover 

1. every sequence yields the same limit, i.e. u T0 = lim T y T0 u T , and the 
convergence is uniform on S with all deerivatives, 
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2. u T0 is an embedding, 

3. the Maslov-index n{u TQ ) of u TQ equals 0, 

4- The solution u TQ (s,t) has the same rate of decay for large \s\ as the 
maps u T , i.e. |A±| = 5 if the asymptotic formula, theorem \l.b\ is 
applied to u TQ , 

5. u T0 {S) n u T (S) = for allO < r < r . 
Remarks: 

We have shown in the paper [1] that finiteness of energy implies the existence 
of the limits lim s ^± 00 u T (s,t) £ {0} x C. See definition 15.11 below and jH] 
for the definition and properties of the Maslov-index. It is a well-known 
fact that the uniform gradient bound implies that every sequence (£t Tfe )fceN) 
T k - > To from the solution family u T has a Cf£ c convergent subsequence. The 
theorem asserts that the whole family u T converges as r —* tq uniformly on 
S and not just on compact sets. It is also not hard to see that the energy 
of u ro is finite which implies exponential decay of the solution at infinity 
(theorem 11.6(1 . The main points of theorem ll.2l are the following: 

• The limit u TQ has the same exponential decay rate and the same 
Maslov-index as the rest of the family u r for r < tq. It decays at 
the slowest possible rate ~ e~2' s '. Note that the convergence is ini- 
tially only in C°° on compact sets which does not permit us to draw 
any conclusions about the behavior of u TQ at infinity from the asymp- 
totic behavior of the solutions u T . Additional arguments are required 
here. 

• The limit u T0 is also an embedding. 

• The convergence is in C°°(S). 

Another focus of this paper is studying how a family of embedded solutions 
can intersect with another solution or other pseudoholomorphic curves: 
Assume u T = (a T ,u T ) , — 1 < r < is a continuous family of embedded 
pseudoholomorphic strips as in Q with pairwise disjoint images. Let v = 
(b, v) be either 

1. another embedded solution of the boundary value problem Q or 

2. an embedded pseudoholomorphic disk with boundary condition {0} x 
T>* , i.e. a 'Bishop-disk' as in (T^ or pQ, 
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3. a pseudoholomorphic half-cylinder over a periodic orbit x(t) of X\ 
which lies on the surface P, i.e. 

v : Z~ := (-00, 0] x S 1 — >RxM 

v(s,t) = (s,x(t)) , xiS 1 ) C V. 

We study the intersection properties of the pseudoholomorphic curve v with 
the family u T . The following theorem states that 'there is no isolated first 
intersection'. 

Theorem 1.3 Assume u T = (a T ,u T ) , — 1 < r < is a smooth family of 
embedded solutions of 0) with pairwise disjoint images. Let v = (b, v) be as 
above. Moreover, we assume that u T and v have disjoint images for t < 0, 
but the intersection of uo(H x [0,1]) with v(R x [0,1]) in case 1., v(D) in 
case 2. andv(Z~) in case 3. is not empty. In the cases 2. and 3. the image 
of v is contained in the image of uq or vice versa. 

In case 1. this also holds unless the first intersection occurs at the boundary 
Rx{0}, i.e. ifuoip) = v(q) forp,q £ Rx{0}, andd s u (p), d s v(q) G T Uo ^C 
do not have the same orientation. In this case we can only conclude that 
u (R x {0}) = u(R x {0}). 

Since we will use the results and the notation from the papers @] and [5], we 
briefly summarize what is needed. As we mentioned earlier, we may modify 
the surface T> near its boundary in order to achieve some normal form in 
local coordinates. 

Proposition 1.4 Let (M, A) be a three-dimensional contact manifold. Fur- 
ther, let £ be a Legendrian knot and T> an embedded surface with dT> = C so 
that all the singular points are non-degenerate. We denote the finitely many 
singular points on the boundary by e& , 1 < k < N (ordered by orienting C). 
Then there is an embedded surface T>' having the same boundary as T> which 
differs from T> only by a smooth -small perturbation supported near C 
having the same singular points as T> so that the following holds: 
There is a neighborhood U of C and a diffeomorphism $ : U — > S 1 x R 2 so 
that 

• <Z>*(dy + xd9) = X\u , (0,x,y) G S 1 X R 2 , 

• $(£) = S 1 x{(0,0)}, 
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. $( ejfc ) = (e k ,o,o) ,o<ei<---<e N <i, 

• $(U n V) = {{9, a(0)r, b{9)r) e S 1 xK 2 \0,r £ [0, 1]}, 
where a,b are smooth 1-periodic functions with: 

1. b(6k) = and b{9) is nonzero if 9 ^ 9k, 

2. a(9k) < if &k is a positive singular point, a{9k) > if e^ is a negative 
singular point, 

3. if ek is elliptic then — 1 < < q, 

4- if ek is hyperbolic then the quotient is either strictly smaller than 
—1 or positive, 

5. a has exactly one zero in each of the intervals [9k, #fe+i] , k = 1, . . . , N— 
1 and [9 N ,1] U [O,0i], 

6. if ek is an elliptic singular point and if \9 — 0k\ is sufficiently small 
then we have b{9) = —^a(9)(9 — 0k). 

Proof: See @]. 

□ 

We showed in [4 that solutions u to equation Q with dist(it(R x {1}), V) > 
converge to points (0,p±) € {0} x £\r as s — > ±oo. It is sometimes 
convenient to modify the coordinates given by the above proposition near 
the points p± in order to make the surface T> flat. Away from the boundary 
singular points ek we introduce the coordinate transformation 

R x S 1 x R 2 B (r, 0, x, y) .— (r, 0,x- ^y, = (r, 0,x- q(0)y, y). (2) 

We then obtain the following coordinates on suitable neighborhoods V± of 
the points p± £ C: 

tp± : R 4 D B £ (0) : —>V± C R x M, (3) 

V>±(0) =p±, 
ip±(R 2 x {0} x {0}) = (Rx£)n V±, 
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V>±({0} x R x {0} x R±) = ({0} xP)n v±. 

Using the coordinates (r,9,x,y) for R 4 , the contact form on {0} x R 3 is 
then given by 

A ± = ?p±\ = dy + (x + q(0)y) d9 , q(9) := 
with Reeb vector field 

(recall that the functions a, 6 determine how the surface I? is wrapping itself 
around the knot £, see proposition II. 4j) . Let v±(s,i) := (V-"± °^o)(s,i) be 
the representative of a solution n of Q in the above coordinates for large 
|s| (we also assume that dist(u(R x {l}),r) > 0). Our differential equation 
(PQ) has the following form in the above coordinates: 

v = (r, 9, x, y) : [s , oo) x [0, 1] — > R 4 

d s v + M{v)d t v = (4) 

v(s,0) G L = R 2 x {0} x {0} 

v(s, 1) G Li = {0} x R x {0} x R, 

where M is a suitable 4 x 4-matrix valued function with M 2 = —Id. We 
have shown in [1]: 

Theorem 1.5 There exist numbers p, s' > so that we have the following 
estimate for each multi index a G N 2 , \a\ > and s > s' : 

sup |9 a ?;(s,t)| <c a e-^ s - s '), 
te[o,i] 

where c a are suitable positive constants. 

□ 

The main result of [I] is the following asymptotic formula for non constant 
solutions v of (jlj) having finite energy: 
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Theorem 1.6 For sufficiently large so and \s\ > sq we have the following 
asymptotic formulae for non constant solutions v of O having finite energy: 

V (s, t) = A a±(T)dT (e±(t) + r ± (s, t)) , (5) 

where a± : [so,oo) — ► R are smooth functions satisfying a + (s) — > A + < 
and a_(s) — > A_ > as s — > ±oo u>ii/i A± G feeing eigenvalues of the 
selfadjoint operators 

A ±OD :L 2 ([0, l],R 4 )D^ 2 ([0,l],R 4 )^i 2 ([0,l],R 4 ) 

71 — >-M ±OD j, M ±OQ := Jim M(«(s,t)). 

Moreover, e±(t) is an eigenvector of A± OD belonging to the eigenvalue A± 
with e±(t) 7^ for all t G [0, 1], and r± are smooth functions so that r± and 
all their derivatives converge to zero uniformly in t as s — > ±00. 



Proof: See @| 

□ 



The domain of the operators A±oo above is the following dense subspace of 
L 2 ([0,1],R 4 ): 



fl£ 2 ([0,l],R 4 ) := {7 € ^([0,1], R 4 ) I 7(0) G L , 7 (l) G Li}, 



where 



L := R 2 x {0} x {0} and L\ : = {0} x R x {0} x R. 



In view of the Sobolev embedding theorem this definition makes sense. There 
is also the following refinement of the above asymptotic formula: 

Theorem 1.7 Let v be as in theorem \l.b\ Then there is a constant 5 > 
such that for each integer I > and each multi-index (3 G N 2 



sup \D^r ± (s,t)\ , 

0<t<l 

with suitable constants cpj > 0. 
Proof: See @j 



dJ_ 
ds l 



(a±(s) - A±) 



< 



c/3,ie 



-5\s\ 
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□ 



We recall from [I] that we chose the complex structure J : £ — > £ near the 
Legendrian knot £ as follows (in the local coordinates given by proposition 

EE3D: 

J(0, y) • (1, 0, -x) := (0, -1, 0) , J(0, z, y) • (0, 1,0) := (1, 0, -x). (6) 

In the coordinates © the almost complex structure J on R 4 induced by J 
is given by 



J(r,9,x,y) 



( -(x + <?(%) 

yq'(9) 
-q{0) -1 + yq'(6)({x + ?(%)#) - ^(0)) 

1 -( x + q ( 9 )y)yq'(9) 



(7) 



\ 



/ 



-1 
1 

(x + q{9)y)q{6) - yq'{9) q(9)({x + q(9)y)q{9) - yq'{9)) 
-(x + q(9)y) -(x + q(9)y)q(9) 

If A± is an odd integer multiple of n/2 then the asymptotic formula of 
theorem 11.61 looks as follows: 

v±(s,t) = —K±e Ja o I cos(A±t), — q±(0) cos(A±i), 0, sin(A±i) 

f S a±(T)d,T 



+e Js o 



e±(s,t). 



(8) 



In the following we will denote by e(s,t) any R 4 or real- valued function 
which converges to zero with all its derivatives uniformly in t as s — > ±oo 
if we are not interested in the particular function. In order to simplify 
notation we will often drop the subscript ±. Using the fact that a'(s) — ► 
as |s| — ► oo (proved in [Ij), we obtain the following asymptotic formulae for 
the derivatives of v(s,t) (k, k± are suitable nonzero constants): 



d s v(s,t) 



f s a(T)dr 

e Js o 

+e{s,t) 



k(^X cos(At), —Xq(0) cos(At), 0, A 



sin 



+ 



(9) 



d t v(s,t) 



f s aMdr 
e Js o 



+e(s,t) . 



k ( — Asin(Ai), Xq(0) sin(Ai),0, Acos(Ai) 



(10) 
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If we use the coordinates given by proposition II ,4l without making the bound- 
ary conditions 'flat' as in © then the appropriate versions of (|SJ) and @ 
are the following. If X± is an odd integer multiple of tt/2 we have: 



v±(s,t) 

f a±(r)dr 



^ cos(A-i-i), — q±(0) cos(A-i-t), q±(0) sin(A±i), sin(A±i)^ + 



and 



k± (^X± cos(A-i-t), — X±q±(0) cos(A±i), (12) 



f s a+Mdr , . 

+e J °o ±y e±{s,t) 



d s v±(s,t) 
e Js o 



X±q±(0) sin(A±i), A± sin(A±i)J + e±(s, t) 
For X± G Z-7T we have 

v±(s,t) 

= K±e ^o a±(r)c(r ^o, cos(A±t), - sin(A±i), 
+e Js o ±K ' e±{s,t) 
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+ 



(13) 



and 



d s v±(s,t) = c-'-h 



f oj-(r)dr 
2 Js 

• K±(o,A±cos(A±i),-A±sin(A±t),o) +e±(s,t) . (14) 
The following theorem is the main result of the paper 5 : 
Theorem 1.8 (Implicit function theorem) 

Let uq = (ao,«o) be an embedded solution of (Qj) so that its Maslov-index 
n(uo) vanishes and dist(uo(Rx {1}) , T) > 0. Assume moreover, that \uo(s,t)- 
p±\ decays either like e _7r ' s or like e _ 2' s for large \s\ in local coordinates 
near the points p± := \im s ^± OQ uo(s,t) and that j>_ ^ p + . Then there is 
a smooth family (i) T )_ 1<T<1 of embedded solutions of Q) with the following 
properties: 



v = Uq, 



11 



• The solutions v T have the same Maslov-index and the same decay rates 
as uq, 

• The sets 

U±:= |J { lim v T {s,t)} 

-Kr<l 

are open neighborhoods of the points p± in C 

If \uo(s,t) — p±\ decays like e - ^' 5 ' for both s — > +00 and s — > —00 then we 
have in addition 

• v T (S)nv T/ (S) =0 ifr^r'. 
Proof: See 

□ 

In section we will prove the following version of theorem 11.81 

Theorem 1.9 (Implicit Function Theorem second version) 

Let uq = (ao,wo) be an immersed solution of £7J^. Denote by A± the decay 
rates ofuo as in theorem \l.b\ and let h{uq) be the Maslov index ofuQ. Assume 
that one of the following conditions are satisfied: 

1. X± = ^m±it with integers m± > 1 and /j,(uq) < — \{jn~ + iti+) holds, 

2. the absolute value of one of the numbers X± equals \, and the absolute 
value of the other equals ran with some positive integer m. We also 
assume that h(uq) < —\m — \. 

Assume moreover that dist{u$(YL x {l}),r) > 0. Then there is an inte- 
ger N > 1 and a smooth family (£v) t gra of solutions the boundary value 
problem with the following properties: 

• vq = uq and v T ^ uq i/r / 

• the solutions v T have the same end points as the solution uq, i.e. 

lim uo(s,t) = lim v T (s,t)VT, 

s— >±oo s— >±oo 

• The solutions v T have the same Maslov-index and the same decay rates 
as Uq, 
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We can see now the purpose of theorem ll.2l The 'implicit function theorems' 
can only be applied to embedded or immersed solutions uq where Maslov- 
index and decay rates are related in a certain way. We saw in the paper 
[3] that otherwise the underlying Fredholm operator would have negative 
index. Our compactness result, theorem II .21 has to make sure that theorems 
1 1 . 81 and IS"21 remain applicable to the C^-limit of a sequence of solutions. We 
have proved also the following result in [2] which is based on the maximum 
principle: 

Proposition 1.10 Let u = (a,u) : S — > Rx M be a non-constant solution 
of the boundary value problem 

• Then the path s i — ► u(s, 1) is transverse to the characteristic foliation, 
i.e. d s u(s, 1) ker X(u(s, 1)). We actually have 

< d t a{s, 1) = -X(u(s, l))d s u(s, 1) 

for all s £ R. 

• We have a(s,t) < whenever < t < 1, 

• The pseudoholomorphic strip never hits {0} x C, i.e. 

u(S) n ({0} x c) = 0. 

In particular, 

lim u(s, t) u(S). 

s— >±oo 

Proof: See 0. 

□ 

2 Local existence of solutions 

In this section we will prove theorem 11.11 i.e. we establish local fillings 
by pseudoholomorphic curves near an elliptic singularity at the boundary. 
Because of proposition 11.41 we are in the following situation near an elliptic 
singular point e £ C: 

We may assume that the contact manifold is the three dimensional Euclidean 
space {(9,x,y) S R 3 } endowed with the contact form A = dy + xd6. The 
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piece of the Legendrian knot situated near e corresponds to some interval 
{(6,0,0) € R 3 | \6\ < e}, where e > is a suitable constant. The elliptic 
singular point then corresponds to the origin in R 3 and the spanning surface 
V is given by {(6, x, — \0x) G R 3 | \9\ < e , x < 0} if e is a positive elliptic 
point, otherwise we have x > 0. We start constructing solutions near e. The 
contact structure is generated by the vectors 





/ 


1 


\ 






ei = 









and e2 = 


'Si 




V 


— X 


/ 







We have chosen a particular complex structure J on ker A near the Legen- 
drian knot by demanding 

Jei := — e2 and Je2 = &\. (15) 

This complex structure is compatible with dX, i.e. dX o (Id x J) is a bundle 
metric and defines an almost complex structure J in the usual way. 
The boundary value problem, we are going to study, is the following: 

u = (a,u) : S — ► R x M 
d s u + J(u)dtu = 
i(s,0)cRx£ 
u{s,l) C {0} x V* 
< E(u) < +oo 

where V* is the spanning surface without the singular points, S:=Rx [0, 1] 
and 

E(u) = sup / u*d(<j)X) (energy of u ) 

with S := {(f) e C°°(R, [0, 1]) | <j>' > 0}. Since we have chosen good co- 
ordinates near the elliptic singular points and an explicit almost complex 
structure J, we will be able to explicitly state 1-parameter families of solu- 
tions to the above boundary value problem near the elliptic singular points. 
These solutions look simpler after having performed a biholomorphic trans- 
formation of the domain as follows: Let Q := {z = s + it £ C | s 2 + t 2 < 
1 , t > 0}\{ — 1, +1} be the upper half disk in the complex plane without the 
corner points. The infinite strip S and Q are equivalent via the biholomor- 
phic map 

s — > n 

e f (s+it) _i / n \ 

* + e¥s+lt) ~ - = tanh [j{s + it)j. (16) 
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Under this transformation, R x {0} is mapped onto (— 1,+1) and R x {1} 
is mapped onto {s + iy/l — s 2 G C | s G (—1, +1)}. We write in coordinates 

u = (a,6,x,y) :(!-tRxR 3 

and obtain the following boundary value problem: 



d s a — dty — xdt9 = 

d s 9 + d t x = 

d s x-d t 6 = 

d t a + d s y + xd s 6 = 

x(s,0)=y(s,0) = 

a(s, y/l - s 2 ) = 

y{s,Vl-s 2 ) = ~{x9)(s,Vl-s 2 ). 



The following maps satisfy the above boundary value problem as long as 
they stay in the coordinate patch near the elliptic singular point where the 
Seifert surface and J are in normal form: 



with s > if e is a positive elliptic singular point and e < otherwise. 
Transforming back the infinite strip 5 = Rx[0, 1] the solutions ((17)) become 



These solutions obviously satisfy all the requirements of theorem 11.11 and 
they decay like e _ 2' s ' near the ends. By the asymptotic formula, theorem 
11.61 this is the slowest possible decay rate. 

3 Local reflection of solutions at the boundary 

The following lemma provides convenient local coordinates near a boundary 
point of a solution. We obtain as a corollary that pseudoholomorphic curves 
with totally real boundary conditions can be locally 'Schwarz-reflected' near 




(17) 




(18) 
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a regular boundary point. In the special case where the boundary condition 
isRx£cRxMwe can locally reflect in any boundary point. We confine 
ourselves to the case of dimension four for notational simplicity. 

Lemma 3.1 Let (W, J) be an almost complex manifold of dimension four 
and let F be a totally real submanifold. Furthermore, assume that uq ■ 
D + — > W is an embedded J -holomorphic half-disk with boundary condition 
u (D+ n R) C F, where D+ := {z G C \ Im(z) > , \z\ < 1}. Then there 
are < e < 1, a neighborhood U of p = uq(0) in W and a diffeomorphism 
4> ■ U —> V C C 2 onto an open neighborhood V of in C 2 such that 

1. c/)(unF) = v nR 2 , 

2. ((j)ouo)(z) = (z,0) , z G (D+x{0})ny, where D+ := {z G C | Im(z) > 
, \z\< e}. 

3. The induced almost complex structure J(q) = D4>{4>~ l {q))oJ(<j)~ l (q))o 
D(/)~ 1 (q) satisfies 

J(z, 0) = i if (z, 0) G (C x {0}) n V. 

Proof: 

Since u is embedded, there is a coordinate map <p which satisfies condition 2. 
Hence we may assume that W = C 2 and u Q (z) = (z, 0). We denote </>(UnF) 
again by F. Points (s,0) G R x {0} C C 2 near are then contained in F. 
The map uq(z) = (z,0) is J-holomorphic. If we pick 

(k,Q) = Du {z)k G C x {0} = T Mz) (u (D + )) 

then 

J(u (z))(k,0) = J(u (z))Du (z)k 
= Duo(z)(ik) 
= i(k,0), 

hence J{uq{z)) acts as multiplication by i on C x {0}. We will successively 
change coordinates until the other two conditions are satisfied as well. Let us 
take care of condition 3. first. We can find a smooth map tp '■ C — > GLr(C 2 ) 
into the set of real linear automorphisms of C 2 with the properties: 

1. ip(z)J(uo(z)) = iip(z) for all z G C, 
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2. ip(z)(h, 0) = (h, 0) for all h G C and z G D+ . 

If s G R then T UQ ^F = T( S ^F is generated by the vector (1,0) and 
some vector valued function (ia,/3)(s) for suitable a(s) G R and / 
/3(s) G C. We may demand in addition to the above two conditions that 
ip(s)(ia(s), (3(s)) = (0,1) for real s so that 

Tp(s)T uo{s) F = R 2 C C 2 . 

Define now a map cr : V' — > V" between suitable neighborhoods V', V" of 
(0, 0) in C 2 by 

a(v,w) := ip(v)(v,w). 

We have (7(2;, 0) = (z, 0) for all z £ D + and also D(j(z, Q)(h, k) = ip(z)(h, k) 
for z G We conclude that cr is a diffeomorphism onto its image, provided 
V', V" are chosen sufficiently small. We then restrict no to a smaller half- 
disk Df so that uq(D+) C V . We have also arranged that 

Da(s,0)(T uo{s) F) = iP(s)(T Ms) F) = R 2 

for s G R. Composing the original coordinate map <j) with a we may assume 
now that conditions 2. and 3. of the lemma are satisfied. Moreover, we have 

T Uo{s) F = R 2 for s G R n D + . 

We will finally achieve condition 1. by another modification. We will find a 
local diffeomorphism \ with the properties 

. xM) = (z,o), 

• x{F) G R 2 , at least for a piece of F near R x {0}, 

• Dx(z, 0) is complex linear. 

The first and the last items above ensure that we maintain properties 2. and 
3. Since R x {0} C F and 7( S)0 )F = R 2 we may write F near R x {0} as 

F = {(a + i/(s,*),t + iflf(s,*)) G C 2 |s,tGR} 

for suitable real valued smooth functions /, g which satisfy in addition 

f(s, 0) = g(s, 0) = , d t f(s, 0) = d t g(s, 0) = 0. 

We define /, g also for complex arguments by f(z,w) := /(Re(z), Re(w)) 
and similarly g. We define the map x as follows: 

X(z,tf) := (z - if(z,w),w - ig(z,w)). 

This map has the desired properties. 
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□ 



We note the following corollary: 

Corollary 3.2 Let (W, J) be an almost complex manifold of dimension four 
and let F be a totally real submanifold. Furthermore, assume that uq : D + — > 
W is a J -holomorphic half-disk with boundary condition uq{D + n R) C F 
so that <9 s uo(0) 7^ 0. Then there are < e and a J -holomorphic disk 
vo : D e — ► W defined on the full disk of radius e so that vq\ d + = uq\ d +. 

Proof: 

We use lemma IXT1 Then the map z 1— * (z,0) is J-holomorphic on the full 
disk because J(z, 0) = i for all z G C. 

□ 

We return to the special situation where (W, J) = (R x M, J) where J 
has the form © near the Legendrian knot C, and where the totally real 
submanifold F is R x £. 

Proposition 3.3 For i/ie special choices of W, J and F outlined above the 
assertion of corollary 1.9.13 a/so ZioWs without the assumption d s uo(0) ^ 0. 

Proof: 

In local coordinates the map uq = (a, 0, x, y) : D + — ► R 4 satisfies the 
following differential equation (see section |2J): 

d s a — dty — xdtO = 

d s e + d t x = 
d sX -d t e = 

d t a + 9 s y + xd s 9 = 
x(s,0) = y0,0) = 0. 

We then use the obvious Schwarz reflection. 

□ 
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4 Intersection Properties 

The following intersection result is more general than needed for this paper, 
but it will be useful later on. Assume u T = (a T ,u T ) , — 1 < r < is a smooth 
family of embedded pseudoholomorphic strips as in Q with pairwise disjoint 
images. Let v = (b, v) be either 

1. another embedded solution of the boundary value problem Q or 

2. an embedded pseudoholomorphic disk with boundary condition {0} x 
V*, i.e. a 'Bishop-disk' as in [TT] or [T], 

3. a pseudoholomorphic half-cylinder over a periodic orbit x(t) of X\ 
which lies on the surface D, i.e. 

v : Z~ : = (-oo, 0] x S 1 — ► R x M 

v(s,t) = (s,x(t)) , x(S 1 ) C V. 

We study the intersection properties of the pseudoholomorphic curve v with 
the family u T . The following theorem states that 'there is no isolated first 
intersection'. 

Theorem 4.1 Assume u T = (a T ,u T ) , —1 < r < is a smooth family of 
embedded solutions of QJ) with pairwise disjoint images. Let v = (b, v) be as 
above. Moreover, we assume that u T and v have disjoint images for r < 0, 
but the intersection of uq(R x [0,1]) with v(R x [0,1]) in case 1., v(D) in 
case 2. and v(Z~) in case 3. is not empty. In the cases 2. and 3. the image 
of v is contained in the image of uq or vice versa. 

In case 1. this also holds unless the first intersection occurs at the boundary 
R x {0}, i.e. if u (p) = v(q) for p,q G R x {0}, and d s u (p), d s v(q) £ 
T uo ( p )£ do not have the same orientation. Then we can only conclude that 
u (R x {0}) = 5(R x {0}). 

The conclusion of the theorem is absurd in the cases 2. and 3.: In case 2. 
the conclusion of the theorem would violate proposition II . 101 In case 3. it 
would imply that n\d s UQ = on an open subset of the domain. This implies 
-K\d s UQ = on all of S because the components of 7T\d s Uo with respect to a 
complex frame for the bundle (uq£, J(uo)) satisfy a Cauchy Riemann type 
equation where the Similarity Principle (see appendix is applicable. In 
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the paper [I] (lemma 4.1) we have shown that this implies that uq is constant 
in contradiction to the assumption that uq is an embedding. Hence we obtain 
the following corollary from the first part of theorem 14.11 

Corollary 4.2 Assume u T = (a T ,u T ) , — 1 < r < is a continuous family 
of embedded solutions of 0j with pairwise disjoint images. Let T C T> be 
a curve which is either the trace v(dD) of a Bishop-disk or periodic orbit 
x(t) = v(0, t) of the Reeb vector field as above. Moreover, we assume that 
u T and v do not intersect for r < 0. Then the curve uo(s, 1) on T> and T do 
not intersect either. 

□ 

The following two propositions are local versions of theorem 14.11 Their 
proofs are very similar. Since the boundary case is more difficult we will 
only prove proposition 14.41 

Proposition 4.3 Let u T : D — > C 2 , — 1 < r < be a smooth family of 
embedded solutions of the differential equation 

d s u T + J(u T )d t u T = 0, (19) 

where J is an almost complex structure on C 2 satisfying J(z, 0) = i and D 
is the open unit disk in the complex plane. Assume furthermore that uq(z) = 
(z, 0) and that the images of the u T are pairwise disjoint. Let v be another 
embedded solution of the same differential equation with u T (D) n v(D) = 
for t < 0, but v(fi) = uo(0) = 0. Then either v(D) C u (D) = D x {0} or 
D x {0} C v(D). 

□ 

Proposition 4.4 Let u T : D + — ► C 2 , —I < t < be a smooth family of 
embedded solutions of the boundary value problem 

d s u T + J(u T )d t u T = (20) 

« r (D + nR) C R 2 , 

where J is an almost complex structure on C 2 satisfying J(z, 0) = i. Assume 
furthermore that uq(z) = (z, 0) and that the images of the u T are pairwise 
disjoint. Let v be another embedded solution of the boundary value problem 
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VM) with u T {D+) n v(D+) = for r < 0, but v(0) = u (0) = 0. 
Denoting the upper/lower half-planes in C by and the upper half-disk 
with radius r by , we assume moreover that there is some e > such 
that v{D+) C H + x C. Then either v(D+) C u (D + ) = D + x {0} or 
D + x {0} C v(D+). Ifv(D+) C H- xC then either v(D + ) C D~ x {0} or 
x {0} C v{D + ), i.e. v agrees with the Schwarz-reflection ofuo. 

Remark: The assumption that v(D+) C H + x C avoids the hypothetical 
intersection picture in figure ^ where v{Df) lies on the 'wrong side'. The 
situation we are looking at in this case is the one in figure 




Figure 1: 

Proof of proposition 14.41 

Writing v(z) = (a(z),b(z)) it suffices to show that b{z) vanishes on some 
neighborhood of 0. We first note that v and uq are tangent at 0. Indeed, 
we have 

i( S) 0)| s=0 = J Dt!(0)lGRx{0} 1 
as 

otherwise the curve v(s,0) would intersect some of the curves u T (s,0) for 
r < as well (see figure OJ), which does not happen by assumption. Then 
Dv{0)i = iDv(0) leiRx {0}, hence the range of Dv(0) is C x {0}. We 
have 

v(z) = Dv(0)z + 0(\z\ 2 ) = (cz,0) + 0(\z\ 2 ) (21) 

for a suitable number c £ C\{0}, and even c € R\{0} because of Dv(0) 1 £ 
R x {0}. After maybe replacing D + by a smaller half-disk we may assume 
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Figure 2: 



2 




Figure 3: The graphs of v\ RnD + and u T \ RnD +. 



that the image of v near is the graph of a complex valued function over 

o 

some part of C x {0}. We conclude from (|21|) that the set pr 1 (f (D + )) either 
lies in the positive half-plane in C or in the negative half-plane depending 
on the sign of the number c. Note that we have ruled out the case c < by 
assumption. We write 

v(z) = (a(z),b(z)) , u r {z) = (a T (z),b T (z)) 
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for suitable complex valued functions a,a T ,b,b T defined on the upper half- 
disk D + . These functions have the properties 

• 6(0) = , Db(0) = , o(0) = and a(z) = cz + 0(\z\ 2 ) for some c > 0, 

• aoOz) = z , b = 0, 

• b(D + n R) C [0, oo) , b T (D+ n R) C (-oo, 0) if r < 0, 

(the last item in the list might as well be b(D + n R) C (— oo,0], but then 
6 T (D + nR) C (0, +oo) for r < 0, which does not change the argument of the 
proof) . Restricting all functions involved to a smaller half-disk and confining 
ourselves to values of r close to zero, we may assume that all the maps a T ,a 
are local diffeomorphisms near 0. Note that we did not parameterize v so 
that it looks like (z,b(z)) since we want to keep the property J(z, 0) = i. 
We compute now, denoting the partial derivative with respect to the second 
argument by D 2 J, 

= d s v + J(v)dtv 

= (d s a,d s b) + J(a,b)(d t a,d t b) 

= (d s a,d s b) + (j(a,0) + jT D 2 J{a, K b)bd^j (d t a,d t b) 

= (d s a + id t a + ab,d s b + id t b + (3b), 

where we wrote 

(ax, fix) = (^J D2J(a, Kb) x df^j (dta,dtb). 

We consider the second component of the above differential equation 

= d s b + id t b + /3b. 

The boundary version of the similarity principle applies here (see theorem 
IA.2j) . If the 00— jet of b vanished at then we would have 6 = because of 
the similarity principle. This would imply that v(z) = (a(z),0) (and a is 
biholomorphic) and the assertion of the proposition follows. 
Without the assumption v(Df) C H + x C, the image of v\ D + would be 
contained in the image of the 'Schwarz reflection' of no- 

We claim that the oo-jet of 6 actually has to vanish at 0. Arguing indirectly, 
we assume that it does not. Without loss of generality we may also assume 



23 



that b(z) 7^ for z £ D + \{0} since is then an isolated intersection point 
of v with uq. Applying the similarity principle we find a holomorphic map 
a : Df — ► C defined on an upper half-disk of radius < e < 1 and a map 
* e n 2 < P <ooW /1 ' P (^ e + ) C\{0}) with *((-e,e)) C R\{0} so that 

b{z) = $(z)a(z) on Df. 

Write 

oo 
k=ko 

with some /co > 2. We know that does not change its sign near 

since v does not intersect any of the solutions u T for r < (see figure EJ, 
therefore ko must be even. Recall that all the curves "U T |_D+ n R, lie in the 
lower half-plane in R 2 so that b{D + n R) C [0, oo). We may assume, by 
making e smaller if necessary, that all the maps a T are local diffeomorphisms 
if |t| is sufficiently small since ao(z) = z. We note that 

- 5 b(dD+), (22) 

where dDf := {z £ Df \ z £ R or \z\ = e}, for all 5q > S > with some 
sufficiently small Jo > 0. This is true because 

b(Dt\{0}) 

and b((—e,e)) C [0, oo) since the path ^|D+n{|^|=e} starts and ends some- 
where on the positive real axis and avoids the origin. If |r| is sufficiently 
small, we may also assume that 

b(z) - 6 T (a^ 1 (a(z))) , for all z £ dDf and all < 5 < 5 /2 (23) 

since 6o = 0. The Brouwer degrees deg(6, Df , —5) and deg(6 — b T o a^ 1 o 
a, Df , —5) are then well-defined for all sufficiently small 5 > and they 
agree in view of (|22[) and (|23|) . We observe that for all small 5 

deg(b,D+,-S)=deg(a,D+,-8) 

since $ can be removed by a trivial homotopy argument. We continue now 
the holomorphic map a analytically onto the whole disk D e by Schwarz 
reflection. Choosing 5 > sufficiently small we may assume that |<r(z)| > 5 
for all z £ dD e so that the Brouwer degree deg(o", D £ , —t5) is defined for all 
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< t < 1. Then 

k = deg{a,D £ ,0) 
= deg{a,D £ ,-5) 

= deg(cr, D~, -5) + deg(a, D+, -5) 
= 2 deg(<7, £>+-<?) 
= 2 deg(&, £>+-*) 

and 

deg(fe ! D+ J -5) = ^>l. (24) 

By assumption the images of v and u T are disjoint if r < 0, i.e. the equations 

a(z) = a T (z) , b(z) = b T (z), 

have no solution if r < 0. We rewrite them as follows: 

b(z)=b T {a-\a{z))) ■ z£D+. 

Since there is no solution to this equation we have necessarily 

= deg(6-6 r oa7 1 oa,L>+,0) 

= deg(6- b T oa^ 1 o a,D+,-t6) ,0 < t < 1 
= deg(6 — b T o a^ 1 o a, Df , —5) 

in contradiction to (|24j) . This completes the proof. 

□ 

Proof of theorem I4.lt 

Assume first that uo(p) = ( a o(p), ^o(p)) = v(q) for some p G R x (0,1]. 
Let us first consider the case p £ R x {1} so that ao(p) =0. If v is also a 
pseudoholomorphic strip then proposition II . lUl implies that gSRx{l}as 
well. If v = (b, v) is a pseudoholomorphic disk then b has to be negative on 
the interior of the disk since Ab > with zero boundary conditions. Hence 
q 6 dD. If v is a pseudoholomorphic cylinder then trivially q £ dZ~~ . After 
invoking lemma IXT1 we may view both uq and v as maps on the half-disk D + 
into C 2 with boundary conditions io(D + nR) , ii(D + nR) C R 2 . The proof 
of the case peRx {1} would be complete if we could show that pr 1 [v(D+)] 
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lies in the upper-half plane of C (see figure |2J) with pr x : C 2 — > C being the 
projection onto the first factor. We may write R x M as the disjoint union 
of the two domains R x M and the hypersurface {0} x M. We note that iio 
and v map the interiors of their domains into R~ x M, and the boundaries 
R x {1}, dD and dZ~ respectively into the hypersurface {0} x M (which is 
called pseudoconvex with respect to R x M). In the local picture in C 2 we 
obtain two domains corresponding to R^ x M and a real hypersurface 
containing R 2 . If j(t) is any differentiable path in C 2 which agrees with 
u (0, 1 - 1) for < t < 1 then 7(1 + e) G W + for all small e > 0. This holds 
because of proposition 11.101 since the outer normal derivative of ao in the 
point (0,0) is strictly positive. If pr 1 [t;(Z)+)] were contained in the lower 
half-plane in C then we could find a differentiable path ^(t) as above which 
lies in the image of v for t > 1, t — 1 small (see figure 0}, because iio and v 
are tangent at (0,0). This would imply that v maps some interior points of 
its domain into W + which is impossible. Hence we have reduced the case 




Travelling into 
the region W 

Figure 4: Following the arrow from the graph of uq onto the graph of v 
would lead into the region W + . 



p € Rx {1} to the local proposition ^. 41 Assume now that p € Rx (0, 1), i.e. 

o 

a o(p) < by proposition !! . lOl Then the point q is contained in R x [0, 1), D 

1 1 

or (—00, 0) x S . If q is in R x (0, 1), D or (—00, 0) x S then we can apply 

proposition 14.31 right away. If q G Rx {0} then we can reflect v locally near 

q at the bondary using lemma 13.11 and apply proposition 14.31 The issue of 

v(Df) lying on the wrong side of R 2 does not come up here because p is an 
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interior point. 

We are left with the case where p£Rx {0}. The boundaries of Bishop disks 
and periodic orbits of the Reeb vector field cannot intersect C = &D, so we 
only deal with the case where v is another pseudoholomorphic strip. The 
case q £ Rx {1} can not occur because of proposition ll.lUl If q is an interior 
point then we may reflect uo locally near p and apply proposition 14. 31 If now 
both q,p are boundary points on R x {0} then unfortunately, the boundary 
condition R x C is not contained in a pseudoconvex hypersurface in R x M, 
as it was the case with {0}xP*. Hence the image of v may either agree with 
the image of uq or with image of the reflection of Uq. Writing v = (a,6,x,y) 
and uo = (ao> #o> £o> Z/o) in local coordinates near {0} x £ we use lemma 
13.11 in conjunction with proposition 13.31 The first factor in C 2 corresponds 
to the #x-plane. The condition whether pr 1 [i)(D^)] lies in the upper or 
the lower half-plane is the same as asking whether dtx(q) = —d s 6(q) and 
dtXo(p) = —d s 9o(p) have the same sign or not. Hence the question is whether 
d s uo(p),d s v(q) £ T v t q \C have the same orientation or not. 

□ 

We study now the situation where the first intersection occurs at infinity. 

Theorem 4.5 Let u T = (a T ,u T ) , —1 < t < be a smooth family of embed- 
ded solutions of with pairwise disjoint images. Let v be another embedded 
solution. Assume that all the maps u T and v have the same exponential de- 
cay rate A+ = —tt/2 as s — > +oo. We assume also that v and u$ converge 
to the same point on {0} x C as s — ► +oo ; but 

u T {S)r\v{S) =0 for allr <0 

Then 

v(R x {0}) = n (R x {0}). 

Proof: 

The idea is to reduce the situation to the one in proposition 14.31 Since 
we are only interested in large s we may work in local coordinates near 
{0} x C. Using proposition 13.31 we reflect all the solutions at the boundary 
[so,oo) x {0}, and we obtain pseudoholomorphic strips defined on S + = 
[so, oo) x [—1, +1] having boundary condition on {0} x T>. We consider now 
the biholomorphic map 

4>:S + — > n\{o} 



27 



<p\z) = w = e 2 ; 

where £1 = {z £ C | Re(z) > 0}. Composing all the reflected pseudoholo- 
morphic strips v , u T with 

-l 2 

ip(w) = 4> (w) = log w 

7T 

we obtain pseudoholomorphic curves on the punctured half-disk with bound- 
ary condition in {0} x T>. Our aim is to reflect them once again at the 
boundary near the origin using corollary 13.21 It is clear that all curves ex- 
tend continuously over the origin. We have to verify that their derivatives 
also extend and that they are not zero in the origin. This is where the decay 
rate of — ^ comes in. If we carried out the reflection and reparametrization 
procedure with a pseudoholomorphic strip of faster decay, we would obtain a 
pseudoholomorphic half-disk with vanishing derivative in the origin. Using 
the asymptotic formula (jllj) and identifying R 4 with C 2 we may write the 
resulting pseudoholomorphic half-disks as follows: 

w 

Uo{rp{w)) = p{w)— (1, 5(0)) + p{w)s{ip{w)), 
\w\ 



where 



■fi°g|H \ 
p(w) = kq exp I / a(r) dr\ , kq > 



and c > is some constant. We note that D a £(ip(0)) = for all \a\ > 0. 
We compute with d = d w , d = d^,: 

Bp{w) = ^—7rp{w) a \ -—\og\w\] , 

7T|tt>| z \ JT / 

dp{w) = r—^p{w) a f — — loglwl ) , 

which are both bounded since |p(iy)| < c\w\ for some constant c > 0. We 
note also that 

tt / f~ f lo SlH 7T \ 

p(w) = kq e2 s ° \w\ exp I J [a(r) + —]dr j . 



Then 



« ( i \ w \ p( w ) w i \ ( 2 1 i A w 

9 [P (w ,— | = — — p —^p{w)a[ log \w • — | 

\ \w\J 2\w\ 7r\w\ A \ TT J \w\ 
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p(s) p{s) fir ( 2 

1 +a log™ 



7r|u;| \2 \ 7r 

2 ' log \w\ 



7r / /-- 1 °gl"'l 7T ' 

K e2 S0 exply [a(r) + -]dr 



' - + a log |io 



The first term equals 



K e2 s °exp^y [a(r) + -]drj ^ 

for w; = by theorem ll.71 and the second one converges to zero since |/?(u))| < 
c\w\ and a(s) — ► — 5 as s — > +oo. We evaluate 

a ( pM r) = " pH ^ (I + a H log H ) ) ' 

which converges to zero as w — > 0. We compute 

o -0)(k;)| < c|io| |i)e(^(io))| 

< cH |De(^H)| M" 1 '^U°0. 

We estimate with 5 > ? as in theorem 11.71 

|e(^H)| < ce^ logH =cH' 

and 

\dp(w) (s o ^>)(u>)| < c |tu| ~ 

which also tends to zero as \w\ — > 0. We proceed similarly for d(p(e o ip)) 
which also vanishes for w = 0. Hence we may view all the pseudoholomor- 
phic strips u T ,v for large s as embedded pseudoholomorphic disks centered 
at the origin because their derivatives are not zero in the origin. Moreover, v 
and uq have an isolated intersection in the origin, while v does not intersect 
any of the disks u T for r < 0. This completes the proof of the theorem. 

□ 
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5 Remarks about the implicit function theorem 
and about transversality 



The main result of the paper [SJ is theorem 11,81 the implicit function the- 
orem. We have assumed that the solution uq decays to its endpoints at 
exponential rates exp(— |A±s|) with |A±| < it, and that the Maslov-index ot 
Mo vanishes. The purpose of this section is to show that there is also some 
version of theorem 11.81 for arbitrary decay rates at the ends if the Maslov 
index assumes suitable values. In this section we are using the notation of 
the paper jS], and we will indicate the necessary modifications in order to 
establish such an implicit function theorem. 

In the paper we started with an embedded solution uq to the boundary 
value problem ^ and we attempted to find more solutions u near by of the 
form 

u(s,t) = $ c _ tC+ (s,t,x(s,t),y(s,t)), (25) 

where 

$ c _ jC+ : S x R 2 D S x B e (0) — ► R x M , c_,c+ € R 

®c-,c+(s,t,x,y) := exp io(sf) (xn(s,t)+i/m(s,t) + 
+ [c_/3_( S )+c + /3+( S )] (0,1,0,0)), 

and where n(s,t) G T fio ( si )(R x M) and m(s,t) = J(uo(s,i))n(s,t) are 
suitable normal vectors to the solution no- The letters (3± stand for cut-off 
functions which equal 1 for |s| large and positive (or negative in the case of 
/?_). Their purpose is to move the end points of the map u away from the 
end points of the solution uq. In this section we will only require no to be 
immersed. The implicit function theorem from [Sj also applies to no which 
are merely immersed, but the near by solution will then of course also be 
immersed only and not necessarily embedded. In the paper [3] we have set 
up a partial differential equation for the map (s,t) i— > (x(s,t),y(s,t)) G R 2 
so that n given by (|25|) is a J-holomorphic curve. The investigation of this 
PDE uses the following weighted Sobolev spaces 

H 2 ^(S,C) := {u £ H 2 ' P (S,C) | ||n|| 2 , P , 7 := ||/9 7 n|| 2 , p < oo , 

u(s, 0) G R , u(s, 1) G R • (oi(s) + ia 2 (s)) }, 
H^XS, C) := {n G H^iS, C) | ||n||i, P)7 := ||p 7 n||i iP < oo }, 
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where 7 : R — > R is a smooth function with 

7O) — > 7± , ^7(s) — * , k > 1, 

and where p(s) is a smooth function which agrees with e^ 3 o ± ^ ^ for large 
|s|, and a± are the functions appearing in the asymptotic formula for uq 
( theorem II. 6|) . Recall also that a±(s) — ► A± as s — ► ±00. The map s ^ 
oi(s) + 10,2(3) G C\{0} takes care of the boundary condition (see definition 
15. II below for details). Since p > 2, the above spaces consist of differentiable 
and continuous functions respectively. If j± < then the above Sobolev 
spaces consists of functions with a certain exponential decay at infinity. The 
PDE for (x, y) makes sense under the following assumptions on the weights: 

• If A± = T§ and —\ < j± < 0, or 

• If A± € Ztt and — | — p^j < 7± < — | , where 5 > is the exponential 
decay rate of the remainder terms in the asymptotic formula (theorem 

n~7fi . 



We will investigate the following question: Given an immersed solution {to 
with decay rates X± near the ends and with Maslov index n(uo), when are 
there solutions u near by of the form Q25j) with c_ = c+ = ? This means 
that ii will have the same end points as the solution u we started with. Let 
us recall the definition of the Maslov index. 



Definition 5.1 If u is an immersed solution to the boundary value problem 
£7J) then we call a section n in u*T(R x M) an admissible normal vector if 
it satisfies the following conditions: 

• n(s,t) Span{d s u(s,t),dtu(s,t)}, 

. 4,o)er iM) (Rx£), 

• n(s,t) — > n± oa (t) uniformly in t as s — > ±00, where 



(0, ±1,0,0) if A± = =Ff 

and A± as in theorem M.fk 



n± °°^ 1 { (cosf ,-g±(0)cosf ,0,Tsinf ) i/ A±6Zi 
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• There is a path 

1 = a l + ia 2 :R^C\{0} 

so that 

oi(s) n(s, 1) + a 2 (s) J(u(s, l))n(s, 1) G r fi(S)1) ({0} x V). 

Writing j(s) = p(s) e 1 ^^ and <j>± = limg-^-i-oo 4>{s), the Maslov index of u is 
then defined by 

p(u) := -(</>+ - 4>-). 

7T 

We note that n±oo(t) satisfies the boundary conditions n± oo (0) G Tg( S)0 )(Rx 
C) and n± ao {l) G ?s(s,i)({0} x V) for |s| large. Theorem 11.81 assumes that 
the Maslov-index of vlq is zero and that no has particular rates of decay, 
but the computation of the Fredholm index in the paper [5] was actually 
carried out without these assumptions. Proposition 4.1 in [3] establishes 
the Fredholm property and the index computation based on computing the 
spectral flow of a Cauchy Riemann type operator 

T:H^ P (S,C) — >L p (S,C) 

(Tr?)(s, t) := d s 7]{s, t) + id t r](s, t) + F(s)r}(s, t), 



where F is a monotonous smooth function with 
F(s) -► < 



— 7_A_ as s — ► — oo 

7+A + — 7r/i(n ro ) as s — > +oo 



where A± are the decay rates of u T0 in the asymptotic formula and 

Hlf(S, C) := {r, G ^(S 1 , C) | V (dS) C R}. 

The proof of proposition 4.1 in 5 j does not use the assumptions A± G 
{=F7r, T§} an d p(uo) = until the very last line of the proof where a formula 
is given for the Fredholm index. Let A(s) be the operator 7 1— ► —27 — Fj 
acting on H-^dO, 1], C), and denote their eigenvalues by A n (s) = nir — F(s). 
Then 

ind(T) 

= - Yl si § n X 'n ( s o) 

{(no,so):A„ (so)=0} 

J #(Zvrn [7+A+ + 7r//(u ),7-A_]) if 7+A+ + vr/i(u ) < 7-A- 
I -#(Zvrn [7_A_,7 + A+ + vr/i(u )]) if 7-A- < 7+A+ + vr//(n ) 
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If X± = ^m±TT for some positive integers m± and if we have chosen the 
weights such that 7_ = 7+ = 7 then ind(T) is positive if and only if ^(uq) < 
— I7I (m_ + m + ). A sufficient condition for ind(T) > is 

H(u ) < --^im- + m +)- ( 26 ) 

We write m + + m_ = 2M or m_ + m + = 2M + 1 for a suitable integer 
M > 1. We then obtain under the assumption 1)26(1 

ind(T) = #(Zn[-7m + + /1 (5 ), 7 m_]) 

f #(Zn [-2M7 + /i(£t ),0]) ifm+ + m_=2M 

[ #(Zn [- 7 (2M + 1) +m(u ),0]) ifm+ + m_ = 2M + l 

= -(M + ^(n )). 

If the decay rate at one end is and at the other an integer multiple ±rmr 
of 7r with m > 1 then a sufficient condition for ind(T) being positive is 



Assuming that the condition (|27|) is satisfied we compute 
ind(T) = J 



-(h(uq) + y) ^ m i s even 
(//(■u ) + ^f^) if m is odd 



The transversality argument is based on investigating the kernel of an op- 
erator similar to T above with the same spectral flow (we denote it again 
by T). The proofs in the paper [3] also work in the more general context 
after some minor changes which we will indicate now. References refer to 
formulae and results in the paper J5]- Formula (4.12) in [3] is valid too with 
the modification 



r(s,t) 



— 7_A_ as s — ► —00 

-7+A+ — iTfi(u n) ) as s — > +00 



In lemma 4.4 we should replace formula (4.16) by 

A+ = ^di + ( 7+A+ + 7r ^ i ^)) Id 
and the eigenvalues of the operators A± are given by 

u+ = rm + 7+A+ + vr//(n ro ) 
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and 

v ~ = nir + 7_A_. 

while the formula (4.17) for the corresponding eigenvectors remains un- 
changed 

e±(t) = e innt . 

The assertion of proposition 4.6 in [Sj was the following formula relating the 
numbers of the zeros of any nontrivial element 7] in the kernel of T to the 
asymptotic eigenvalues v± 

n+-n^=2 °( z ) + °( z ) ^ °- ( 28 ) 

zeN int zeN bd 

Here N int = {z £S \r]{z) = 0} and N bd = {z e dS | r/(z) = 0}. The 
inequality n + — n_ < which was derived from i/+ < and v~ > in the 
paper has to be replaced by the inequalities 

u + = Tin + + 7+A+ + 7r/i(n ro ) < , i/_ = 7rn_ + 7_A_ > 

which leads to 

n+ - n_ < -(7_A_ - irfi(u ) - 7+A+). (29) 

7T 

In the case where A± = ^m±'K and 7_ = 7+ = 7 with 7 < — | we obtain 

n + — n_ < 7m_ — //(-So) + 7m + 

-M-/i(u ) ifm++m_ = 2M 
— M - /u(n ) - 5 if m+ + m_ = 2M + 1 ' 



< 



This implies 

n + - n_ < ind(T) - 1 (30) 

because n + — n_ is an integer. Consider now the case where the decay rate 
in one end, say the positive end, is A+ = — ^ and the decay rate in the 
other is A_ = rmr, m £ N. The weights satisfy the conditions 7+ < and 
7- < —\. Then 

n + — n_ < 7_m — fJ,(Uo) + — 
m 

< — 2"-M«o) 

{ind(T) if m is even 
ind(T) — i if m is odd 
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and we conclude again 

n+ — n_ < ind(T) — 1. 

In view of equation Q28[) we conclude that any nontrivial element r/ E ker T 
has at most (ind(T) — 1) zeros on dS. We claim that this implies that the 
operator T must be surjective. Arguing indirectly, we assume that T has a 
nontrivial cokernel. Then we must have 

A = dim kerT > ind(T) + 1. 

We pick now linear independent elements rjx,...,rj\ £ kerT and points 
z\, . . . , ^indm ^ sucn that 

R 3 r] k (zi) / OVKKA, 1 < I < ind(T). 

The expressions 

A 

J2 X kVk(zi) = , l</<ind(T) 

k=l 

make up a system of ind(T) linear equations in A variables with real coef- 
ficients since r](dS) C R. Hence there is a nontrivial solution (Ai, . . . , Aa). 
Because the % were linear independent, we have constructed a nontrivial 
element J2k=i ^kVk £ ker T which has ind(T) zeros on dS, a contradiction 
to equations (|28|) and (|3Uj) . We summarize our discussion as follows: 

Theorem 5.2 (Implicit Function Theorem second version) 

Let uq = (ao,iio) be an immersed solution of Qj. Denote by X± the decay 
rates ofuo as in theorem ] 1.6] and let n(iio) be the Maslov index ofuQ. Assume 
that one of the following conditions are satisfied: 

1. X± = =Fm±7r with integers m± > 1 and //(no) < ~h( m - + m +) holds, 

2. the absolute value of one of the numbers X± equals \, and the absolute 
value of the other equals mir with some positive integer m. We also 
assume that /j,(uq) < —\m — \. 

Assume moreover that dist(uo(R x {l}),r) > 0. Then there is an inte- 
ger N > 1 and a smooth family (£v) tGR at of solutions the boundary value 
problem (0) with the following properties: 

• vq = uq and v T ^ Uq if t / 
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the solutions v T have the same end points as the solution uq, i.e. 



lim u (s,t) 



lim v T ( 



s, t) V r, 



• The solutions v T have the same Maslov-index and the same decay rates 



We omit the proof of the last assertion of theorem 15.21 since it is similar to 
the corresponding statement in [3J. 

6 Proof of theorem 11.21 

Let Tk be a sequence converging to tq. The uniform gradient bound enables 
us to use regularity estimates and the Arzela-Ascoli theorem. They guar- 
antee the existence of a subsequence, which we will denote again by Tk, such 
that the sequence u Tfe converges in to some map u To :S^RxM which 
satisfies the differential equation d s u ro + J(u TQ )dtu TQ = 0, the boundary con- 
ditions u TO (s,0) £ R x C , u T0 (s, 1) S {0} x V* and the condition 

dist({u ro (s, 1) | s € R} , T) > 0. 

Because u T (0, 0) = e for all < r < tq we also have u TO (0,0) = e. This 
ensures that u T0 is not constant (recall that the convergence is only in C°° 
on compact sets; strips with two different ends might well converge in Cf£ c 
to a constant map). Let us show that the energy of u T0 is finite. We have 
shown in the paper [3] (proposition 2.3) that the energy of all the maps u Tk 
is bounded by some constant vol\(T>) depending only on the Seifert surface 
T> and the contact form A. The condition in [3] that the path s i— > u Tk (s, 1) 
on the Seifert surface represents a trivial homology class in Hi(D, dT>) is of 
course satisfied here. In particular, for any compact subset K C S and any 
k 



which implies E{u TQ ) < yo[x(T>). Finiteness of energy has many conse- 
quences, the most important one is that all the results about asymptotic 



as Uq 




We may pass to the limit k — > oo and obtain 
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behavior apply now to u T0 . In particular, u TQ (s, t) converges to points p± on 
{0} x C as \s\ — > oo uniformly in t. Since the convergence u Tk — > u TQ is only 
C°°-uniform on compact sets, the limit might decay asymptotically at a 
different rate than the solutions u Tk . The proof of the theorem is organized 
in several steps gradually improving our situation. First, we want to get 
into the position where we can apply the implicit function theorem, either 
theorem 11.81 or theorem 15.21 to the limit solution u T0 . 

First step: Compute the Maslov index of u T0 : 

The solutions u T , t < tq all satisfy \± = and /j,(u t ) = 0. This means 
that we can find a smooth family n T of admissible normal vectors so that 
n T (s, 1) G 7^ r ( s l )({0} x V) for all s £ R. In the paper [Sj (lemma 3.2) 
we have constructed admissible normal vectors rather explicitly from the 
maps u T . We will review this construction below. It is clear from this 
construction that the admissible normal vectors n Tk will converge in Cf£ c to 
some n T0 which will not be normal to u T0 near the ends if the decay rate of 
u TQ is not Otherwise the limit n ro is also an admissible normal vector 
for u T0 , and therefore fJ-(u TQ ) = 0. Ends of u TQ with decay rate A± = ^| do 
not make any contribution to the Maslov index [i(u TQ ). Therefore, we will 
assume that u TQ decays like e ~ m7r l s l, m £ N, for large |s| in at least one of 
the ends, and we will only discuss the end where the decay rate is not 
Pick e > and R > so large that the asymptotic formula (theorem II. 6|) 
holds for u T0 (s,t) with |s| > R, and such that the remainder term in the 
asymptotic formula and its derivatives are no larger than e. We also want 
R > so large that -ir\d s u T0 (s,t) / for all \s\ > R. It follows easily from 
the asymptotic formula (|T1|) applied to d s u TQ that such an R can be found. 
We will work in an open neighborhood U of {0} x C where the coordinates 
of proposition II .41 can be used. We use the following complex frame for the 
contact structure 

ei(0, x, y) := (0, 1,0, -x) , e 2 (0, x, y) := - J(9, x, y)e 1 = (0, 0, 1, 0). 

Denote by (ir\d s u Tk )i and {~n\d s u Tk )2 the components of i:\d s u Tk along e\ 
and e 2 respectively. Define now normal vectors to u Tk by 



n k (s,t) := [- {-K\d s u Tk )i,d s a Tk - ei(u Tk ) - (-K\d s u Tk )2Xx(u Tk ) + 




(31) 



and 



m k {s,t) := J(u Tk (s,t))n k (s,t). 
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Writing u Tk = (a, 9, x, y) and 

A = \{u Tk )d s u Tk = d s y + xd s 9 



we obtain 



d 

d s u T = d s a — + A X\ + d s 9 e\ + d s x e 2 
dr 

d 

d t u Tk = -A— + d s aX x + d s xe± - d s 0e 2 



and 



d 

n k = -d s 9 d s x X x + d s aei + Ae 2 

or 

m fc = Ss^Xa + Ae x - 3 s ae 2 . 

ar 

Away from the boundary singular points the tangent space to {0} x T> at 
the point u Tk (s, 1) is generated by the vectors 

eiKJ + xX A (u r J + q'(0)ye 2 {u Tk )\ (sA) and g(6>) e 2 (« Tfc ) + X x (u Tk )\ {S;l y 

For t = we have 

nfe(s,0), d s u Tk (s,0) eT irt(Si0) (Rxi:), 

and for t = 1 the vector space 7s rfc ( s l )({0} x P) is generated by d s u Tk (s, 1) 
and 

q(9(s, l))d t u Tk (s, l)+m k (s, l)+y(s, l)(q'(6(s, l))-q 2 (9(s, 1))) n k (s, 1). (32) 

If n Tk is an admissible normal vector to u Tk then we can write it in the 
following form using the previously constructed normal vectors 

n Tfe (s, t) = {aid s u Tk + a 2 d t u Tk + [3in k + forhk) (s, t) (33) 

with suitable smooth coefficient functions so that f5\ + /3 2 is never zero. By 
choosing k large we may assume that for any partial derivative D a 

sup \D a (u Tk - u T0 ){±R,t)\ < e, (34) 

0<i<l 

in particular, for s = ±R, we may use the asymptotic formula (|T3)) for u TQ 
also for describing u Tk . Choose now R' > R so large that the asymptotic 
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formula (|1 1|) holds for u Tk (s,t), \s\ > R' , and such that the remainder term 
and its derivatives are no larger than e. Because n Tk is admissible it must 
converge to (0, ±1, 0, 0) as s — > ±oo. This imposes certain conditions on the 
coeficients in (|33[1. We write (0, 9±,0, 0) = lim^-too u Tk (s, t). Using formula 
(JTTJ for \s\ > R' we get 

d s a(s,t) = ±K±p(s) cos + p(s)e(s,t) 

d s 6(s,t) = TK±p{s)q(0i)cos(^\+p(s)e(s,t) 

d s x(s,t) = -n±p(s)q(6±) sin (^j + p(s)e(s,t) 

d s y{s,t) = -K±p(s) sin (^pj + p(s)e(s,t) 

A = — K±p(s) sin ( — ) + p(s)e(s, t) 



. 2 . 

q(9(s,t)) = q(9±) + p(s) • "something bounded'", 

where k± > are some constants and p{s) = e s o is the function 

obtained by applying theorem 11.61 to u Tk . As usual, we denote by e(s,t) a 
smooth function which converges to zero with all its derivatives uniformly 
in t as \s\ — ► oo. Using the above asymptotic formulae, the condition 
n Tk (s,t) — * (0, ±1,0,0) as s — > =too has the following implication on the 
coefficients in ()33|) : 



1 



«±Ka)(l + ? 2 (4)) 



n r k (s,t) = — - — —r - g(6>±)cos ( ) d s u Tk (s,t) =F 



TTt 



^ d t u Tk (s,t) + cos ^y^ n k (s,t) =F (35) 



T9^±)sm 2 

T sin j mjfc(s, t) + p(s)e(s, t) 

Without the smaller order term, equation (|35[) would not be correct because 
the boundary condition for t = 1 would not be satisfied. We may write 
equation (|33|) as follows 



1 



nr k (s,t) = ^ -g(4)cos — )d s u Tk (s,t)^ 

Tq(0(s, t)) sin <9 t u Tfc (s, t) + cos ^y ^) n fc (s, i) =F 
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+ Sill ( y ) IIU.(sJ) + p(s)c(s.l) + 

Tit 
2" 



T sin ( ^ ) y(s,t)(q'(9(s,t)) - q 2 (9{s,t)))n k {s,t) 



because the expressions 

Tq(9i)d t u Tk (s,t)Tfh k (s,t) 

and 

Tq(0(s, t))d t u Tk {s, t) T fh k (s, t) T y(s, t)(q'(9(s, t)) - q 2 {9(s, t)))n k (s, t) 

differ only by a term of the form p{s)e{s,t). We may now change the ad- 
missible normal vector n Tk by removing the remainder term p(s)e(s, t) with 
a smooth cut-off function for \s\ > R. In the same way we may we may also 
replace all the terms q(0±) with q(9(s,t)). We will keep the notation n Tk 
for simplicity, and we still have an admissible normal vector to u Tk which 
satisfies both boundary conditions for t = and t = 1. As we remarked 
earlier, the vectors n Tk converge in C°°([—R,R] x [0,1]) to some normal 
vector n TQ to £tT |[-i?,.R]x[o,i] which also satisfies the boundary conditions 
n TO (s,0) 6 T Sto ( Si0) (R x C) and n ro (s, 1) G ^(^({O} x £>). In local coor- 
dinates n T0 is given by the formula 
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TTt 



n T0 (s,t) = . ., 2 . . ... -g(6» (s,t))cos — )d s u T0 (s,t)T 

K±Po{s){l + q z {9o{s,t)))i \2J 

Tq(9o(s,t))sm (^pj dtu T0 (s,t) + cos n (s,t) =F 

Tsin ^y^j m (s,i) T (36) 

Tsin fy) yoMX^oM)) - q 2 (9 (s,t)))n (s,t) 

where the subscript '0' indicates that we use u ro for evaluating the formula 
instead of u Tk . We can now extend the normal vector n T0 to the whole strip 
S simply by using (jlffi)) above for all s £ R. It will not be an admissible 
normal vector, the behavior at infinity is not the same as in definition 15,11 
otherwise we would have p{u TQ ) = 0. Using the asymptotic formula IjlHJ) for 
u TQ we will determine its winding behavior at infinity which enables us to 
compute p(u T0 ). Since we are only interested in the limits 

n±(t) = lim n TQ (s,t) 
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we can ignore the remainder terms in the asymptotic formulae for u T0 . We 
may also neglect the term 

' (sin ( ?P\ y (s, t){q'(6 {s, t)) - q 2 {9 (s, t)))n (s, t)) 



Pols J 

since it tends to zero in the limit s — > ±00. Using (|36j) and 

d s u T0 (s,t) = k/3o(s) (0, =F cos(m-i-7rt), — sin(m-|-7rt), 0) 

dtu To (s,t) = npo(s) (0, — sin(m-i-7rt), ± cos(m±7ri), 0) 

fio(s,t) = npo(s) (± cos(m±nt), 0, 0, sin(m±7rt)) 

fho(s,t) = npo(s) (— sin(m-|-7rt), 0, 0, ± cos(m±7ri)) 

with some nonzero constant k we obtain 

~ / % f, /2m±-l \ //in , /2m±-l 
ra±(f) = c I ± cos I irt j , ±q(t)±) cos I 7ri 

. /2m± - 1 \ . /2m± - 1 
q{6±) sm I - irt J ,sm I - vri 

(with some nonzero constant c). In definition 15.11 we have used the coor- 
dinates ©. In the coordinates given by proposition 11.41 the corresponding 
vector n±(t) is given by 

(cos — , -q(6\) cos —,T<l{V±) sm —, =F sm —) 

and 

m±(t) = J(0,4,0,0)n±(t) = (± sin y,=F#±) sin y,<z(0£) cosy, cosy). 
With 

e(t) := (0, =F cos(m±7rt), — sm(m±irt), 0) 
/(i) := (0, — sm(m±7rf), ± cos(m±7rt), 0) 

we will now compute coefficients af , af , f3f , j3f depending on t such that 

n±{t) = Pf(t)n±(t) + Pf(t)m±{t) + af (t)e(t) + af {t)f(t). 

The relationship with the Maslov index p{u TQ ) is now the following: Writing 
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for suitable smooth functions tp± we have 

Mu T0 ) = -(v+(o) - v+(i) + ^-(i) - V-(o)). 

7T 

The computation of the coefficients yields 

0f{t) + i/3±(t) = ±ce ±im±7Tt 

so that 

H(u TQ ) = 77J- - 771+ , 

i.e. for each end that has a decay rate of mir, m G Z the Maslov-index 
changes by — |m|. The crucial remark is that the solution u TQ satisfies now 
one of the assumptions of the implicit function theorem (theorem 15.2(1 . In 
the next step we will show that u T0 is embedded. 

Second step: Show that u T0 is an embedding: 

In order to apply theorem 15.21 to the solution u TQ we have to make sure that 
it is immersed. It follows from the asymptotic formula, theorem EH and its 
versions in local coordinates that there is R > such that d s u TQ (s,t) ^ 
whenever \s\ > R, regardless of the decay behavior of u T0 . On the other 
hand, it follows from proposition 11.101 that d s u T0 (s,l) ^ for all s £ R 
as well. The idea is now to use a result about positivity of intersections of 
pseudoholomorphic curves in four dimensional almost complex manifolds: 
Assume that u is a non-constant pseudoholomorphic disk in an almost com- 
plex manifold (W, J) where dim W = 4: 

u : D -> W 
d s u + J(u)dtu = 

We say that u is an embedding near the boundary if the following holds: 
There exists a small annulus around the boundary A e , 

A £ = {zeD\l-e<\z\<l} 

such that 

u\A £ is an embedding 
u- 1 {u{A £ )) = A £ . 

For such an embedding at the boundary one can define a self-intersection 
index I(u) G Z (see [Q, |0] , [HI , [Ej ) which has the following properties: 
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• If u T is a smooth family of pseudoholomorphic disks which are embed- 
dings at the boundary then the intersection indices I(u T ) are indepen- 
dent of r, 

• I{u) = if and only if u has no singularities and no self-intersections. 

It follows from proposition l3.3l that we may treat boundary points on Rx {0} 
like interior points since the solutions u TQ , u Tk can be locally reflected at the 
boundary. We recall that u T0 is approximated in C°°([—R, R] x [0, 1]) by the 
sequence u Tk which are all embedded solutions. It is well known (see [T].|14|^ 
that the following alternative holds for each point z G S: Either there is some 
5 > such that u to \b s ( z )\{z} is an embedding or there is a biholomorphic 
map (() : U —> V between neighborhoods of z such that 4>{z') ^ z' for some 
z' G U and u T0 \v ° 4> = u TQ \u- We claim that there is a point zq G R x {1} 
such that 

u^iuroizo)) = {zo}- 

Let us first show how to finish the proof of the immersion property assuming 
that the claim is correct. Consider the set 

S:={zeS|d s n TO (z)/0}, 

and the set S' consisting of all z G S such that there is z' ^ z and sequences 
Zk — > z, z' k — > z' (of course we also assume z^ ^ z, z' k ^ z') with u TQ (z' k ) = 
u T0 (zk)- The set S' is closed in S, but it is also open by the Similarity 
Principle (see appendix EJ). In fact, the Similarity Principle implies that 
intersection points between pseudoholomorphic curves can only accumulate 
in a point which is critical on both curves unless the images of the two 
curves coincide. Therefore either S' = or S' = S. The latter alternative 
cannot hold because of the claim above and because d s u TO (s,0) ^ for all 
s G R by proposition ll.lUl Recalling that u TQ is not constant we conclude 
from the Similarity Principle that the critical points of isolated. If 

for given w G S we could find a nontrivial biholomorphic map (f) between 
neighborhoods of w such that u T0 o 4> = u TQ then S' would not be empty: 
Just pick any point z near w which is not critical, a sequence zt converging 
to it, and take z' = (f)(z), z' k = <j){zk). Hence for any point z G S we can find 
5 > such that u TQ restricted to the punctured neighborhood B$(z)\{z} is 
an embedding. This means that the self-intersection index of Uto\b s (z) 1S 
well-defined. The maps u Tk \B s (z) are an embeddings. Hence they have zero 
self-intersection index and so does u To \b s (z) f° r an y z £ S. Therefore, u TQ 
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must be an immersion provided the claim we made earlier is correct. 
We still have to show that there is a point zq G R x {1} such that 

n/^to^o)) = {^o}- 

We are going to show more, we will actually prove that the curve 

s i — ► u To (s, 1) G V* 

has no self-intersections at all. We argue by contradiction, and we assume 
that there are Zq,Z\ G R x {1} with zq ^ z\ and u To (zo) = u TQ (zi). By 
proposition II. 101 and corollary 13.21 we may reflect u TQ near the boundary 
points zq and z\. Locally near u to (zq) we are in the following situation: 
We have two pseudoholomorphic disks u,v : D — » C 2 with respect to some 
almost complex structure J on C 2 with J(0) = i. In addition, we have 
u(0) = v(0), and G D is not a critical point for any of the maps u and v. 
This implies that is an isolated intersection point, hence we may assume 
that u — v is not zero on D\{0}. The disks u and v are approximated by 
disks Uk, Vk with info \uk — Vk\ > 0. We obtain a contradiction since the 
algebraic intersection number of Uk{D) and Vk(D) is zero for all k while it 
is at least one for u(D) and v(D) (see pQ, 114)1. This completes the proof of 
the claim. We point out that this argument actually shows that u TQ can only 
have a self-intersection in points zq,z\ which are both critical, i.e. where 
d s u T0 (z ) = d s u T0 (zi) = 0. 

Let us summarize and proceed to the embedding property: We know by 
proposition 11.101 that d s u T0 (s,l) ^ for all s G R. The argument outlined 
above then shows that the curve s > u TQ (s, 1) does not have any self- 
intersections which in turn implies the claim. On the other hand, we then 
know that u TQ is immersed. Since self-intersection points of u TQ can only 
occur in critical points, we know that there are none. Because there is also 
no point z G S with u TQ (z) = lim s ^± 00 u TQ (s,t) we conclude that u T0 is 
an embedding. Indeed, if we had u T0 (z) = lim s ^± oa u TQ (s, t) G {0} x C 
then proposition 11.101 would imply z G R x {1}. Because the curve s i— ► 
u T0 (s, 1) G T> is always transverse to the characteristic foliation, it can never 
hit the boundary £, i.e. there is no such point z. 

Third step: Show that u T0 has the same rate of decay as n Tfe , that 
its Maslov index vanishes and that it is the limit of the maps u T 

as r / t : 

Until now, the convergence u Tk — > u TQ is uniform only on compact sets. 
Nevertheless, we have succeeded to verify all the assumptions of the implicit 
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function theorem (theorem 15. 2|) . If the decay rates of already A± = 

then we also have n(u TQ ) = and we can apply the original implicit 
function theorem from the paper [3] ftheorem ll.8|) . In any case, there is 
an iV-dimensional family of solutions (v CT ) CT gR,Jv with vq = u T0 . The implicit 
function theorems also imply that the family v a is the only family of solutions 
close to u TQ in the following sense: Any other solution whose image lies in 
the neighborhood U of u T0 {S) used in the proof of theorems 15 . 21 or fl . 81 must 
be one of the solutions v a up to parametrization. It is clear that this is 
not sufficient for our purpose because at this point it may be possible that 
u Tk — * u TQ in C^ c , but the image of u Tk is not contained in a neighborhood 
of u T0 (S). This phenomenon occurs in Morse theory and Floer homology 
if trajectories converge to a broken trajectory. Our situation is different 
because of our intersection result, theorem 14.11 We note that the families 
v a and u T do not intersect for small r and \a\. On the other hand they 
have to intersect later, say for some a' and r'. The union V of the curves 
(v a ((—R, R) x {l})) CTg Riv is a neighborhood of the curve u T0 ((—R, R) x {1}) 
on the Seifert surface T> , and for large k the curves u Tk ({—R, R) x {1}) have 
to enter V. Of course, we took advantage of the two-dimensional situation 
here. Since there is no isolated first intersection between the family v a and 
the family u T , the images of v a i and u T < agree. In this case v a i can not agree 
with the image of some sort of Schwarz reflection of u T i because both are 
close to t tq on compact sets. This implies that the image of the solution u T i 
is in fact close to the image of u To , and the families v a and u T actually are 
just one family. Hence the decay rates of u T0 and all the v a are |A±| = f, the 
Maslov indices are all zero, the family is in fact one-dimensional (N = 1), 
and it is produced by the original implicit function theorem, theorem 11.81 
Therefore, we obtain the same limit u TQ for all sequences f To and the 
convergence is in C°°(S), not just in Cf£ c . This completes the proof of 
theorem 11.21 

□ 

A The Similarity principle 

In this appendix, we review the similarity principle in its original version 
and also a version near boundary points. For 2 < p < oo we denote by V p 
the Banach space consisting of all u £ W 1,P (D, C n ) satisfying u(dD) C R n , 
where D C C is the unit disk and let 

8 : V p -» L p 
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be the standard Cauchy Riemann operator 

du du 
os at 

The operator d : V p — ► L p (D,C n ) is surjective and Fredholm of index n 
with kernel being the constants in R n . 

Theorem A.l Assume A G L°°(D, £ R (C n )) , 2 < p < oo and w G W^(D 
, C n ). Let w be a solution of 

- o 

<9u> + j4ui = in D 
w(0) = 0. 



Then there exists 



with 



2<q<oo 



$(0) = Id , $(z) G GL(C n ) 
and a map f : D — > C n with /(0) = suc/i for z £ D 

w(z) = $(z)f(z). 

Moreover, if < e < 1 is a sufficiently small number and D £ C C i/ie cfefc 
o/ radius e then f is holomorphic on D £ . 

Proof of theorem IA.H See [T] or [T2] 

□ 

Next we consider a boundary version of the similarity principle. Let 

D + := {z G D | Im(z) > 0} 

Theorem A.2 Assume A G L°°(L»+, £ R (C n )) and w G W^(D + , C"), 
2 < p < oo ; satisfying 

o + 

<9u> + Aw = on D 
«;((-!,!)) C K n , w(0)=Q. 
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Then there exists $ G n 2<g <oo W 1 ' q (D + , C c (C n )) with 

*(z) G GL(C n ) , $(0) = Jd 

*(z) G GX(R n ) c £(R n ) /or z G (-1, 1) 
and o map / : D + —* C n tyit/i 

/(z) G R" /or 2 G (-1, 1) , /(0) = 0, 

holomorphic on some smaller half-disk Df, such that 

w(z) = $(z)/(z). 

Proof: 

This result can be reduced to Theorem lA.il Extend A to a map in L°°(D, £R,(C n )) 

by 

A(z) = A{z) if lm(z) < 0, 

where " " means replacing all coefficients by the complex conjugate 

ones. Extend w similarly by 



w(z) = w(z). 

Then w G W 1 ' p (D,C n ) as one verifies easily. Now apply theorem IA.1I and 
find 

w(z) = $(z)/(z), 
where z lies in some disk D F , and it turns out that 



and consequently 



<D((-l,l))c£(R n ) 

/((-£,£)) CR" 



□ 



Remark: 

There is also a parameterized version of the Similarity Principles: If A T is a 
continuous path in L°°(D, £r(C")) with Aq = and if w T is a continuous 
family of solutions of dw T + A T w T = then tu T = <3? T <7 T with <£ r , cj t G C°(D) 
depending continuously on r as well. The maps <E> T converge in C°(D) to 
the identity matrix. The important fact is that the path of operators $ i— > 
(<9<£ + ^r^, <£(1)) and the corresponding path of the inverses are continuous 
in r with respect to the operator norm. 
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